For each complex reductive dual pair introduced by R. Howe, this paper presents a formula for the central elements of the universal enveloping algebras given by I. M. Gelfand. This formula provides an explicit description of the correspondence between the 'centers' of the two universal enveloping algebras.
Introduction
For each complex reductive dual pair introduced in [5] , the images of the 'centers' of the two universal enveloping algebras coincide. In this paper we explicitly describe this correspondence between the universal enveloping algebras in terms of the central elements due to I. M. Gelfand.
Throughout this paper we will work over the complex number field . Let .G; G / be a reductive dual pair in the complex symplectic group Sp N = Sp N . /. Namely G and G are reductive subgroups of Sp N such that each is the centralizer of the other in Sp N . Then, under the oscillator representation ! of ×Ô N , the images of the invariants with respect to the adjoint actions of G and G on the universal enveloping algebra U .×Ô N / are generated by the images of the Lie algebras = Lie.G / and = Lie.G/, respectively ([5] ). In particular, we have the following equality between the two universal enveloping algebras:
The author is partially supported by JSPS Research Fellowships for Young Scientists. c 2003 Australian Mathematical Society 1446-8107/03 $A2:00 + 0:00 264 Minoru Itoh [2] Here we denote by U . / G the algebra of invariants in the universal enveloping algebra U . / with respect to the adjoint action of G. We have a similar equality ¦ .U . / G / = ¦ .U . / G / also for a reductive dual pair .G; G / in the complex orthogonal group O N and the spin representation ¦ . These correspondences between the two universal enveloping algebras have been investigated mainly in terms of eigenvalues of the central elements (see for example [9] or [6] ). The aim of this paper is to describe these correspondences explicitly in terms of the bases of the Lie algebras. The main results are simple formulas for the generators of the algebras U . / G and U . / G known by name of the 'Gelfand invariants. ' These generators given by I. M. Gelfand are defined for the classical groups as follows. First we consider the case of the general linear group G L N . Let E i j be the standard basis of the Lie algebra Ð N , and form the matrix E = E Ð N = .E i j / 1≤i; j≤N . We consider the trace of the power of this matrix:
tr.E r / = 1≤i1;::: ;ir ≤N
E i1i2 E i2i3 · · · E ir i1 :
This element of the universal enveloping algebra is known to be invariant under the adjoint action of G L N . Moreover the set {tr.
, see also [13, 23] ).
Similar central elements of the universal enveloping algebra can be introduced for the Lie groups G = O N , Sp N . Let 8 be the symmetric or alternating matrix associated with the bilinear form defining G. The Lie algebra = Lie.G/ is spanned by the elements F i j = E i j − 8 −1 E ji 8. From these generators, we arrange the matrix F = F = .F i j / 1≤i; j≤N . Then the trace of the power, tr.F r / is again invariant under the adjoint action of G. Moreover, the set {tr.F 2r / | 0 ≤ 2r ≤ N } generates the algebra U . / G . We also call these tr.F r /'s the 'Gelfand invariants' for G ( [3, 23] ).
REMARK. The algebra U . / G is obviously included in the center of U . /. This inclusion is actually an equality in the cases of G = G L N , Sp N , and O 2k+1 . Only in the case of G = O 2k , the algebra U . / G is a proper subset of the center.
Let us state the main theorems. Every reductive dual pair in the complex symplectic groups is written as a direct product of irreducible ones, which are classified into the two series .G; G / = .G L m ; G L n / and .O m ; Sp n / ( [4, 14, 20] ). For each of these two types of irreducible dual pair, we can describe the correspondence between U . / G and U . / G under the oscillator representation ! as follows:
, the following equality holds:
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Here we put E = E Ð m and E = E Ð n . 
Here we put F = F Óm and F = F ×Ô n .
REMARK. As is seen from these theorems, the images of the Gelfand invariants for G are written as linear sums of the images of the Gelfand invariants for G . This fact was first found by Klink, Leung, and Ton-That. However they did not describe this correspondence explicitly except for the Gelfand invariants of low degree. See [10] for the case of .G L m ; G L n /, and [12, 11] for the case of .O m ; Sp n /.
Also for the reductive dual pairs in the complex orthogonal groups, we can similarly describe the correspondence between U . / G and U . / G under the spin representation ¦ . The irreducible reductive dual pairs in the complex orthogonal groups are classified into the three series ( [14, 20] 
Here we put F = F Óm and F = F Ón .
THEOREM E. For the dual pair .Sp m ; Sp n / in O mn , the following equality holds:
Here we put F = F ×Ô m and F = F ×Ô n .
We will verify these theorems by direct and consistent calculations under the realizations of the dual pairs in the Weyl algebra or the Clifford algebra.
For each of the dual pairs above, the decomposition of the oscillator representation or the spin representation into a direct sum of irreducible G × -modules has been investigated in detail ( [9, 6] ). Since the eigenvalues of the Gelfand invariants on the irreducible representations are given in [18] and [19] (see also [23] ), some relation is expected between these results and our theorems. However it seems not so easy to deduce our theorems in fact from these irreducible decompositions.
We also comment on the relation with the Capelli type identities. The Capelli identity is a formula for the actions of the central elements of U . Ð n / named the 'Capelli elements', and gives another description of the correspondence between the centers of the universal enveloping algebras for the dual pair
The relation between the Capelli elements and the Gelfand invariants is given as an analogue of Newton's formula for the symmetric functions ( [17, 8, 22] ). In particular, our Theorem A is also proved by combining the Capelli identity and this Newton type formula, while this proof cannot be applied to the other dual pairs.
Also in the case of the dual pair .O m ; Sp n / in Sp mn , a description of this correspondence is given as an analogue of the Capelli identity in terms of eigenvalues in [16] . This is a consequence of the decomposition of the oscillator representation of Sp mn into a direct sum of irreducible O m × ×Ô n -modules due to [9] . Connecting this result with the studies of the Sklyanin determinant in [15] , we have an explicit description of the correspondence between U .Ó m / Om and U .×Ô n / Spn in terms of the bases of the Lie algebras. However, compared with our Theorem B, this description is somewhat complicated.
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The oscillator representation and the spin representation
We first recall the realizations of the oscillator representation of the symplectic Lie algebras and the spin representation of the orthogonal Lie algebras. These two representations can be constructed in terms of the Weyl algebra and the Clifford algebra respectively in parallel ( [5] and Appendix 2 of [6] ).
The Weyl algebra and the oscillator representation.
Let W be a finitedimensional complex vector space with a symplectic form, that is, a non-degenerate alternating bilinear form ·; · . We define the Weyl algebra Ï .W / associated with W by the quotient Ï .W / = T .W /=Á , where Á is the two-sided ideal of the tensor algebra T .W / generated by the tensors w 1 ⊗w 2 −w 2 ⊗w 1 − w 1 ; w 2 1 with w 1 ; w 2 ∈W . This Ï .W / is known to be a simple associative algebra.
Let V be a maximal isotropic subspace of W . Then the symmetric tensor algebra S.V / has a structure of irreducible module of Ï .W /. To see this, take another 
and call these the multiplication by v and the derivation by v * respectively. REMARK. When the dimension of W is odd, the Clifford algebra .W / is equivalent to the direct sum of two matrix algebras of dimension dim .W /=2.
The pair
The irreducible reductive dual pairs in the symplectic groups fall into the two classes, type I and type II, namely the pair .O m ; Sp n / in Sp mn and the pair .G L m ; G L n / in Sp 2mn ([4, 14, 20] ). First in this section, we study the latter pair.
For two finite-dimensional vector spaces V 1 and V 2 , the groups G L.V 1 / and G L.V 2 / constitute a dual pair as the subgroups of G L.V 1 ⊗ V 2 /. This pair can also be regarded as a dual pair in a larger symplectic group as follows. Put V = V 1 ⊗ V 2 , and let V * be its linear dual. We define a symplectic form ·; · on V ⊕ V * by
so that V and V * are maximal isotropic subspaces. The group G L.V / acts on this space V ⊕ V * isometrically by g · .u; u * / = .gu; 
The first theorem of this paper is the following relation, which explicitly describes this correspondence with the Gelfand invariants. Let E i j and E i j be the standard bases of Ð.V 1 / and Ð.V 2 / respectively, and consider the matrices E = .E i j / 1≤i; j≤m and E = .E i j / 1≤i; j≤n . Here we put m = dim V 1 and n = dim V 2 . THEOREM 2.1. The following equality holds:
In the remainder of this section, we prove Theorem 2. 
These are simply written as !.E/ = X t X * +.n=2/I m and !.E / = t X X * +.m=2/I n by introducing two m × n matrices X = .x i j / and X * = . 
Here the notation t Z r indicates the r th power of the transpose of a matrix Z . To verify this (2.3), we claim the following relation: PROPOSITION 2.5. For any Z ∈ Mat m;n .Ï .V ⊕ V * //, the following equality holds:
PROOF. By a straightforward calculation and Lemma 2.4, we have
Since .X t X * / is and . 
Moreover this is equal to the right-hand side of our assertion.
Since the matrix Z is arbitrary, we can use the relation in Proposition 2.5 repeatedly. Thus we arrive at the following identity: COROLLARY 2.6. For any Z ∈ Mat m;n .Ï .V ⊕ V * //, the following equality holds:
Now Theorem 2.1 is almost proved. Indeed our goal (2.3) is obtained by replacing Z by X * in the equality of Corollary 2.6.
The pair ( O m , Sp n ) in Sp mn
In this section, we study the dual pairs of type I in the symplectic groups, namely the pair .O m ; Sp n / in Sp mn .
To introduce this pair, we start with two finite-dimensional vector spaces W 1 and W 2 equipped with non-degenerate bilinear forms. We assume that the bilinear form ·; · 1 of W 1 is symmetric, and the bilinear form ·; · 2 of W 2 is alternating. From these bilinear forms, we define a symplectic form ·; · on the tensor product For this dual pair and the oscillator representation ! of ×Ô mn , the following fact is known: the invariants under the actions O m and Sp n on !.U .×Ô mn // are generated by !.×Ô n / and !.Ó m / respectively ( [5] ). In particular, we have the equality !.U .Ó m / Om / = !.U .×Ô n / Spn /. As a description of this correspondence between the universal enveloping algebras, we have the following relation. We put F = F Óm and F = F ×Ô n . THEOREM 3.1. The following equality holds:
To prove Theorem 3. 
As in the case of the symplectic group, the irreducible reductive dual pairs in the orthogonal groups fall into the two classes, type I and type II ( [14, 20] ). In this section, we study the dual pairs of type II in the orthogonal groups, namely the pair
, which we considered in Section 2, can be also regarded as a dual pair in a larger orthogonal group. Put V = V 1 ⊗ V 2 , and denote its linear dual by V * . We define a symmetric bilinear form on V ⊕ V * by
The group G L.V / acts on this space V ⊕V * isometrically by g·.u; u * / = .gu; 
As an explicit description of this correspondence, we have the following relation similar to Theorem 2.1. Let E i j and E i j be the standard bases of Ð.V 1 / and Ð.V 2 / respectively, and consider the matrices E = .E i j / 1≤i; j≤m and E = .E i j / 1≤i; j≤n . Here we put m = dim V 1 and n = dim V 2 . Finally we study the dual pairs of type I in the orthogonal groups, namely the two pairs .O m ; O n / and .Sp m ; Sp n / in O mn .
As in Section 3, we start with two finite-dimensional vector spaces W 1 and W 2 equipped with non-degenerate bilinear forms ·; · 1 and ·; · 2 . We assume that both bilinear forms are simultaneously symmetric or alternating, that is, there exists a fixed " = ±1 such that u 1 ; v 1 1 = " v 1 ; u 1 For the spin representation ¦ of Ó mn , it is known that the invariants under the actions of G and G on ¦ .U .Ó mn // are generated by the images of the Lie algebras = Lie.G / and = Lie.G/ respectively ( [5] ). In particular, we have the equality ¦ .U . / G / = ¦ .U . / G /. As a description of this correspondence between the universal enveloping algebras, we have the following theorem. We put F = F and F = F . Preparatory to proving Theorem 5.1, we describe the actions of the Lie algebras and in terms of the Clifford algebra .W /. We denote by 8 = .8 i j / and 9 = .9 i j / the matrices associated with the bilinear forms ·; · 1 and ·; · 2 , so that we have q i j ; q kl = 8 ik 9 jl for the canonical basis q i j of W = W 1 ⊗ W 2 . In particular, these q i j 's satisfy the commutation relation {q i j ; q kl } = q i j ; q kl = 8 ik 9 jl as the elements of the Clifford algebra .W /. Consider the m × n matrices Q = .q i j / and Q * = .q
